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MOTIVES AND SIEGEL MODULAR FORMS
( )
Motive survey $7\mathrm{J}$ .
[Y2] [Y3] .
Motive .
motive $M,$ $N$ $M\otimes N$ Deligne
. ( $\mathrm{h}\mathrm{n}\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{S}\mathrm{e}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}$ convolution ) Deligne
, motive .
Siegel modular form . [Y2] .
motive ,
. [Y2] 7] [Y3] .
. motive , Tate
, standard
.
\S 1. Critical values
critical value 1977 .
$1-1/3+1/5-1/7+ \cdots=\frac{\pi}{4}$ , Leibnitz, 1670 .
$\zeta(2)=\sum_{n=1}^{\infty}\frac{1}{n^{2}}=\frac{\pi^{2}}{6}$ , Euler, 1735, .
$\zeta(2n)/\pi^{2n}\in \mathrm{Q}$ , $1\leqq n\in \mathrm{Z}$ , Euler, 1742.
$\sum_{z}z^{-4n}/\varpi^{4n}\in \mathrm{Q}$ , $1\leqq n\in \mathrm{Z}$ , Hurwitz, 1899.
$z$ 0 Gauss , $\varpi=2\int_{0}^{1}\frac{dx}{\sqrt{1-x^{4}}}$ .
Euler .
$\frac{L(n,\Delta)}{(2\pi i)^{n}c^{\pm}(\Delta)}\in \mathrm{Q}$, $1\leqq n\leqq 11$ , $\pm 1=(-1)^{n}$ , Shimura, 1959.




$SL(2, \mathrm{Z})$ weight 12 cusp form , $c^{\pm}(\Delta)\in \mathrm{R}^{\mathrm{x}}$ .
primitive Hecke eigenform $f\in S_{k}(\Gamma_{0}(N), \psi)$ $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$
$( \frac{L(n,f)}{(2\pi i)^{n}c^{\pm}(f)})^{\sigma}=\frac{L(n,f^{\sigma})}{(2\pi i)^{n}c^{\pm}(f^{\sigma})}$ ,




. critical value ( ) .
$Z(s)$ gamma factor $G(s)$ , reflexion $sarrow v-s$
. $n\in \mathrm{Z}$ , $G(n)$ $G(v-n)$




$N$ $SL(2, \mathrm{Z})$ $\Gamma_{0}(N)$
$\Gamma_{0}(N)=\{(\begin{array}{ll}a bc d\end{array})\in SL(2, \mathrm{Z})|c\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N\}$ . $\mathfrak{H}$ .
$0\leqq\lambda\in \mathrm{Z},$ $z=x+iy\in \mathfrak{H}$ $s\in \mathrm{C}$ Eisenstein series $E_{\lambda}(z, s)$
$E_{\lambda}(z, s)= \sum_{\gamma\in\Gamma_{\infty}\backslash \Gamma_{0}(N)}(cz+d)^{-\lambda}|cz+d|^{-2s}$
, $\Gamma_{\infty}=\{\pm(\begin{array}{ll}\mathrm{l} m0 \mathrm{l}\end{array})|\dot{m}\in \mathrm{Z}\}$
. $\gamma=(\begin{array}{ll}a bc d\end{array})$ $\Gamma_{\infty}\backslash \Gamma 0(N)$ . $\Re(2s)>2-\lambda$
. $E_{\lambda}(z, s)$ . $s$
. $\lambda>0$ $\Re(s)\geqq 1/2-\lambda/2$ $s$ .
iterations
$\delta_{\lambda}=\frac{1}{2\pi i}(\frac{\partial}{\partial z}+\frac{\lambda}{2iy})$ , $y=\Im(z)$ , $\delta_{\lambda}^{(r)}=\delta_{\lambda+2r-2}\cdots\delta_{\lambda+2}\delta_{\lambda}$ , $\delta_{\lambda}^{(0)}=1$
. $\delta_{\lambda}$ weight $\lambda$ $C^{\infty}$- weight $\lambda+2$ C\otimes -
.
$\lambda>0$ $E_{\lambda}(z)=E_{\lambda}(z, 0)$ .
(2.1) $E_{\lambda+2r}(z, -r)= \frac{\Gamma(\lambda)}{\Gamma(\lambda+r)}(-4\pi y)^{r}\delta_{\lambda}^{(r)}E_{\lambda}(z)$
.
$f= \sum_{n=1}^{\infty}a_{n}q^{n},$ $g= \sum_{n=0}^{\infty}b_{n}q^{n}$ $\Gamma_{0}(N)$ weight $k,$ $l$ $\ovalbox{\tt\small REJECT} \mathrm{I}$ mo ulax
form . ( trivial character modular form
34
. $a_{n}\in \mathrm{R}$ )Dirichlet $D(s, f, g)= \sum_{n=1}^{\infty}a_{n}b_{n}n^{-s}$ .
$k>l$ $f$ cusp form . Rankin-Selberg
(2.2) $(4 \pi)^{-s}\Gamma(s)D(s, f, g)=\int_{\Gamma_{0}(N)\backslash \mathfrak{H}}\overline{f(z)}g(z)E_{k-l}(z, s+1-k)y^{s}$ dxdy
. $r\in \mathrm{Z}$ $0\leqq r,$ $l+2r<k$ . (2.2) $s=k-1-r$ , (2.1)
$\lambda=k-l-2r$
(2.3) $D(k-1-r, f,g)=c\pi^{k}\langle f,g\delta_{\lambda}^{(r)}E_{\lambda}(z)\rangle$ , $c\in \mathrm{Q}^{\mathrm{x}}$
. (, $\rangle$ Petersson . $\Gamma_{0}(N)$ weight $k$
$C$“- $h_{1},$ $h_{2}$ ,
$\langle h_{1}, h_{2}\rangle=\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma_{0}(N)\backslash \mathfrak{H})^{-1}\int_{\Gamma_{0}(N)\backslash \mathfrak{H}}\overline{h_{1}(z)}h_{2}(z)y^{k-2}dxdy$
.
(2.3) $g\delta_{\lambda}^{(r)}E_{\lambda}(z)$ weight $k$ .
near holomorphy .
(2.4) $g \delta_{\lambda}^{(r)}E_{\lambda}(z)=\sum_{m=0}^{t}\delta_{k-2m}^{(m)}h_{m}$ , $t=r$ $r+1$
$\Gamma_{0}(N)$ weight $k-2m$ modular form $h_{m}$ .
(2.5) $\langle h,g\delta_{\lambda}^{(r)}E_{\lambda}(z))=\langle h, h_{0}\rangle$
weight $k$ cusp form $h$ . (2.4) weight $k$ cusp form
orthogonml projection .
$\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$ compatibility . $\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$ Fourier
modular form . $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$ $f^{\sigma}= \sum_{n=1}^{\infty}a_{n}^{\sigma}q^{n}$
$f^{\sigma}$ $\Gamma_{0}(N)$ weight $k$ modular form . (2.4) $\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$
compatible . $f$ normalized Hecke eigenform .
(2.6) $( \frac{\langle f,h\rangle}{\langle f,f\rangle})^{\sigma}=\frac{\langle f^{\sigma},h^{\sigma}\rangle}{\langle f^{\sigma},f^{\sigma}\rangle}$, $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$
modular form $h$ . (2.3)
(2.7) $( \frac{D(k-1-r,f,g)}{\pi^{k}\langle f,f\rangle})^{\sigma}=\frac{D(k-1-r,f^{\sigma},g^{\sigma})}{\pi^{k}\langle f^{\sigma},f^{\sigma}\rangle}$ , $0\leqq r<(k-l)/2$
$\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$ . $L$ $L(s, f)= \sum_{n=1}^{\infty}a_{n}n^{-s}$
51 1977 (2.7) $g$ Eisenstein
.
. Dirichlet $\varphi$
$L(s, f, \varphi)=\sum_{n=1}^{\infty}\varphi(n)a_{n}n^{-s}$ .
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Theorem 2.1 ([Sh4], Theorem 1). primitive Hecke eigenform $f\in S_{k}(\Gamma_{0}(N), \chi),$ $\sigma\in$
$A\mathrm{u}t(\mathrm{C})$ Dirichlet $\varphi$
(1) $( \frac{L(n,f,\varphi)}{(2\pi i)^{n}g(\varphi)c^{\pm}(f)})^{\sigma}=\frac{L(n,f^{\sigma},\varphi^{\sigma})}{(2\pi i)^{n}g(\varphi^{\sigma})c^{\pm}(f^{\sigma})}$.
$n\in \mathrm{Z},$ $1\leqq n\leqq k-1,$ $\pm 1=(-1)^{n}\varphi(-1)$ , $g(\varphi)$ Gauss .
(2) $( \frac{i^{1-k}\pi g(\chi)\langle f,f\rangle}{c^{+}(f)c^{-}(f)})^{\sigma}=\frac{i^{1-k}\pi g(\chi^{\sigma})\langle f^{\sigma},f^{\sigma}\rangle}{c^{+}(f^{\sigma})c^{-}(f^{\sigma})}$ .
$g\in G_{l}(\Gamma_{0}(N), \psi)$
$\mathcal{D}(s, f,g)=L_{N}(2s+2-k-l,\chi\psi)D(s, f,g)$
. 4 Euler $L(s, f)$ $L(s, g)$ tensor . ($L_{N}$ $N$
$p$ Euler $p$-factor )
Theorem 2.2([Sh4], Theorem 4). $l<k$ . $\sigma\in A\mathrm{u}t(\mathrm{C})$ $l<n\leqq k,$ $n\in \mathrm{Z}$
$( \frac{D(n,f,g)}{(2\pi i)^{l-1-2n}g(\psi)c^{+}(f)c^{-}(f)})^{\sigma}=\frac{D(n,f^{\sigma},g^{\sigma})}{(2\pi i)^{l-1-2n}g(\psi^{\sigma})c^{+}(f^{\sigma})c^{-}(f^{\sigma})}$
.
[Sh3] .
(i) (arithmeticity). $\langle$ $\overline{\mathrm{Q}}$
. (\"u) $L$ explicit . (iii) Eisenstein
. (iv) , n\mbox{\boldmath $\alpha$} holomorphy orthogonal projection
, .
$L$ . S mura’s machine
.
\S 3. Fundamental periods of amotive
motive . [JKS] , Jannsen [J]
.
$k$ , $E$ 0 . , $E$ $k$ motive category
$\mathcal{M}_{k}$ . $k$ projective smooth mlgebraic variety (
variety , comected ) $X$ , $Z^{j}(X, E)$ $j$ $E$-linear mlgebraic
cycles . $A^{j}(X)=A^{j}(X, E)$ equi lence $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\sim$ $Z^{j}(X, E)$
$E$ vector space . $\sim$ numerical
equivalence .1 $X_{1},$ $X_{2},$ $X_{3}$ variety , algebraic correspondence
$A^{\dim X_{1}+r}(X_{1}\cross X_{2})\cross A^{\dim X_{2}+\epsilon}(X_{2}\cross X_{3})arrow A^{\dim X_{1}+r+s}(X_{1}\cross X_{3})$
$1_{\mathrm{n}\mathrm{u}\mathrm{m}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{a}1}$ equivalence homological equivalence .
.
36
. $A$ $(X\cross X)$ . ( $X$ curve, $J$ $X$ jacobian riety
$A^{1}(X\cross X)\ovalbox{\tt\small REJECT}$ End(J)\otimes z $E$ ) $\mathcal{M}_{k}$ object
$\mathrm{O}\mathrm{b}(\mathcal{M}_{k})=\{(X,p, m)\}$
. $X$ variety, $p\in A^{\dim X}(X\cross X),$ $p^{2}=p,$ $m\in \mathrm{Z}$ . idempotent $p$
, variety . (curve , jacobiam
variety $J$ factor ) $m$ Tate twist .
objects morphism
$\mathrm{H}\mathrm{o}\mathrm{m}((X,p, m), (\mathrm{Y}, q, n))=qA^{\dim X-m+n}(X\cross \mathrm{Y})p$
. $\mathcal{M}_{k}$ 1 semi-simple abelian category . Tensor
$(X,p,m)\otimes(\mathrm{Y}, q, n)=(X\cross \mathrm{Y},p\cross q, m+n)$
$\mathcal{M}_{k}$ tensor category .
$Xarrow H(X)$ cohomology theory . $A_{\mathrm{h}\mathrm{o}\mathrm{m}}^{\dim X}(X\cross X)$ numerical $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}\sim \mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$
homological equivalence . $A_{\mathrm{h}\mathrm{o}\mathrm{m}}^{\dim X}(X\cross X)arrow$
$A^{\dim X}(X\cross X)$ . $M=(X,p, m)\in \mathrm{O}\mathrm{b}(\mathcal{M}_{k})$ . $p$ $p’\in A_{\mathrm{h}\mathrm{o}\mathrm{m}}^{\dim X}(X\cross X)$
$p^{\prime 2}=p’$ (Murre).
$H^{i}(M)=p’H^{i-2m}(X)$
, $\mathcal{M}_{k}$ # cohomology theory .
$\Delta\subset X\cross X$ diagonal . Weil cohomology theory $\Delta$
K\"unneth algebraic . ( standard conjectures ) $\mathcal{M}_{k}$
semi-simple $E$-linear Tannakian category .
Deligne [D] absolute Hodge cycle motive , standard conjecture
motive category semi-simple $E$-linear Tannakian category , motive
$l$-adic cohomology .
motive category M\sim , $\mathcal{M}_{k}$
, .
. motive
. Deligne . $E$ . $J_{E}$ $E$
$\mathrm{C}$ . $R=E\otimes {}_{\mathrm{Q}}\mathrm{C}\cong \mathrm{C}^{J_{E}}$ .
$M$ $E$ $\mathrm{Q}$ motive . $E$ finite place $\lambda$ $M$ $\lambda$-adic
realization $H_{\lambda}(M)$ . $H_{\lambda}(M)$ variety $l$-adic etale cohomology
, $\mathrm{G}\mathrm{a}1(\mathrm{Q}/\mathrm{Q})$ . $R$ $M$ $L$ $L(M, s)$
([D], [Y1], \S 2.1 ).
$H_{B}(M)$ $M$ Betti realization . variety $X$ topological




$E$ vector space . $H\ovalbox{\tt\small REJECT}(M)$ $\pm 1$
. $d\ovalbox{\tt\small REJECT} d(M)\ovalbox{\tt\small REJECT}\dim_{E}H_{B}(M),$ $d^{\pm}\ovalbox{\tt\small REJECT} d^{\pm}(M)\ovalbox{\tt\small REJECT}\dim_{E}H\ovalbox{\tt\small REJECT}(M)$ . $d$ $M$ rank
. $H_{B}(M)$ Hodge .
(3.2) $H_{B}(M)\otimes {}_{\mathrm{Q}}\mathrm{C}=\oplus_{p,q\in \mathrm{Z}}H^{pq}(M)$ .
$H^{pq}(M)$ free $R$-module . $p+q\neq w$ $H^{pq}(M)=\{0\}$
$M$ pure weight $w$ . $M$ pure weight .
. Hodge $L(M, s)$ gamma factor . ([D]
. root mmber ) $L(M, s)$ gunma factor
$M$ Hodge .
Deligne (M) $\in R^{\mathrm{x}}$ ( ), critical $\mathrm{u}\mathrm{e}L(M, n)$
$L(M,n)/(1\otimes 2\pi i)^{d^{\pm}(M)n}c^{\pm}(M)\in E$
. $\pm 1=(-1)^{n}$ . Deligne .
.
$H_{\mathrm{D}\mathrm{R}}(M)$ $M$ de Rhun realization . variety
hypercohomology group ( mlgebraic de Rham cohomology group)
. $H_{\mathrm{D}\mathrm{R}}(M)$ $E$ $d$- vector space . spectral sequence
(3.3) $E_{1}^{p,q}=H^{q}(M, \Omega^{p})\Rightarrow H_{\mathrm{D}\mathrm{R}}^{p+q}(M)$
. spectral sequence $H_{\mathrm{D}\mathrm{R}}^{p+q}(M)$ filtration $\{F^{p}\}$ Hodge filtration
. $H_{\mathrm{D}\mathrm{R}}^{w}(M)=H_{\mathrm{D}\mathrm{R}}(M)$
$F^{\mathrm{p}}(H_{\mathrm{D}\mathrm{R}}^{w}(M))/F^{p+1}(H_{\mathrm{D}\mathrm{R}}^{w}(M))\cong E_{\infty}^{p,w-p}$ , $p\in \mathrm{Z}$
. , spectral sequence $E_{1}$-terms .
(3.4) $F^{p}(H_{\mathrm{D}\mathrm{R}}(M))/F^{p+1}(H_{\mathrm{D}\mathrm{R}}(M))\cong E_{1}^{p,w-p}=H^{w-p}(M, \Omega^{p})$ , $p\in \mathrm{Z}$
. $F^{p}(H_{\mathrm{D}\mathrm{R}}(M))$ $F^{p}(M)$ $F^{p}$ .
$I$ : $H_{B}(M)\otimes {}_{\mathrm{Q}}\mathrm{C}\cong H_{DR}(M)\otimes {}_{\mathrm{Q}}\mathrm{C}$
comparison isomorphism .
(3.5) $I(\oplus_{p’\geqq p}H^{p’q}(M))=F^{p}(M)\otimes {}_{\mathrm{Q}}\mathrm{C}$
. (3.5) motives $M,$ $N$ $M\otimes N$ Hodge ffltration
.
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$M$ period matrix . $\{v_{1}^{+}, v_{2}^{+}, \ldots, v_{d^{+}}^{+}\}$ $\{v_{1}^{-}, v_{2}^{-}, \ldots, v_{d^{-}}^{-}\}$
$H_{B}^{+}(M)$ $H_{B}^{-}(M)$ $E$ . Hodge filtration
(3.6) $H_{DR}(M)=F^{i_{1}}\neq\supset F^{i_{2}}\neq\cdot\cdot\neq\supset\cdot\supset F^{i_{m}}\neq\supset F^{i_{m+1}}=\{0\}$
. ffltrations . filtration $F^{i_{\mu}}$
$i_{\mu}$ . $i_{\mu},$ $1\leqq\mu\leqq m$
.
$s_{\mu}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(H^{i_{\mu},w-i_{\mu}}(M))$ , $1\leqq\mu\leqq m$
. rank free $R$-module rank .
(3.7) $i\text{ }$ +i +l-c $=w$ , $1\leqq c\leqq m$ , $s_{\mu}=s_{m+1-\mu}$ , $1\leqq\mu\leqq m$
, partion
(3.8) $d=s_{1}+s_{2}+\cdots+s_{d}$ , $s_{\mu}>0$ , $1\leqq\mu\leqq m$ .
. (3.5)
$s_{\mu}=\dim_{E}F^{i_{\mu}}-\dim_{E}F^{i_{\mu+1}}$ , $\dim_{E}F^{i_{\mu}}=s_{\mu}+s_{\mu+1}+\cdots+s_{m}$ , $1\leqq\mu\leqq m$ .
. $H_{DR}(M)$ $E$ $\{w_{1}, w_{2}, \ldots, w_{d}\}$ $\{w_{s_{1}+s_{2}+\ldots+s_{\mu-1}+1}, \ldots, w_{d}\}$ $1\leqq\mu\leqq$
$F^{i_{\mu}}$ .
(3.9) $I(v_{j}^{\pm})= \sum_{i=1}^{d}x_{ij}^{\pm}w_{i}$ , $x_{ij}^{\pm}\in R$ , $1\leqq j\leqq d^{\pm}$
$X^{\pm}=(x_{ij}^{\pm})\in M(d, d^{\pm}, R)$ . $P_{M}$ (3.8) $GL(d)$ lower
parabolic subgroup . $X^{\pm}$
$P_{M}(E)\backslash M(d, d^{\pm}, R)/GL(d^{\pm}, E)$
coset . $X=(X^{+}X^{-})\in M(d, d, R)$ , $M$
. $X$
$P_{M}(E)\backslash M(d, d, R)/(GL(d^{+}, E)\cross GL(d^{-}, E))$
coset well defined . $GL(d^{+}, E)\cross GL(d^{-}, E)$ $GL(d)$ diagonal
blocks . $M(d, d)$ $\mathrm{Q}$
$(*)$ $f(px\gamma)=\lambda_{1}(p)\lambda_{2}(\gamma)f(x)$ for all $p\in P_{M},$ $\gamma\in GL(d^{+})\cross GL(d^{-})$ .
. $\lambda_{1}$ and $\lambda_{2}$ $P_{M},$ $GL(d^{+})\cross GL(d^{-})$
.




$a\in GL(d^{+}),$ $b\in GL(d^{-})$ .$\lambda_{2}((\begin{array}{ll}a 00 b\end{array}))=(\det a)^{k^{+}}(\det b)^{k^{-}}$ ,
$f$ type $(\lambda_{1}, \lambda_{2})$ , type $\{(a_{1}, a_{2}, . . . , a_{m});(k^{+}, k^{-})\}$ .
$f$ $\mathrm{Q}$ .
$f(X)\in R$ $\mathrm{m}\mathrm{o}\mathrm{d} E^{\mathrm{x}}$ well defined . $f(X)$ $M$ .
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Theorem 3.1. $(*)$ $f$ . explicit
. 1 .
$P=P(M)$ $s_{1}+s_{2}+ \cdots+s_{p}<\min(d^{+}, d^{-})$ $p$ . $q=m-p$
. (3.7) $p<q,$ $s_{1}+s_{2}+\cdots+s_{q}=d-(s_{1}+\cdots+s_{p})$ .
Theorem 3.2. $p\in P$ ,
(non-zero) $f_{p}$ . $(*)$
$p\in P$ .
$c_{p}(M)=f_{p}(X)$ . $\delta(M),$ $c^{\pm}(M),$ $c_{p}(M),$ $p\in P$ motive $M$ .
Theorem 32 , $M$ . Deligne
0 critical value $L(M, 0)/c^{+}(M)\in E$ . $c^{+}(M)$
$M$ tensor product, exterior power . Deligne
$c^{\pm}(M)\in R^{\mathrm{x}}$ . $R$ . Deligne
$L(M, 0)$ . $\mathrm{m}\mathrm{o}\mathrm{d} E^{\mathrm{x}}$
.
motive .
$M=M_{1}\otimes M_{2}\otimes\cdots\otimes M_{n}$ . motive $\mathrm{Q}$ ,
$E$ . $1\leqq i\leqq n$ $X_{\dot{l}}$ $M_{1}$. , $X$ $M$ .
.
(i) $X$ $\mathrm{x}_{:}$ .
(ii) $X_{:}$ $P_{M}.\cdot(E)X:(GL(d^{+}(M_{1}.), E)\cross GL(d^{-}(M_{\dot{l}}), E))$ , $X$
$P_{M}(E)X(GL(d^{+}(M), E)\cross GL(d^{-}(M), E))$ .
(i) (ii) $X_{:}$ . $p\in P(M),$ $c_{p}(M)=f_{p}(X)$
$M$ . $f_{p}$ $M(d(M), d(M))$ . (i) , $g$
$c_{p}(M)=f_{p}(g(X_{1}, \ldots, X_{n}))$ . $X_{1}$. $M(d(M_{\dot{\iota}}), d(M_{1}.))$ . (ii)
, $f_{p}(g$ ($X_{1}$ , :. . , $X_{n}$ ) $)$ $\mathrm{x}_{:}$ ( ) $f_{1}$. ( $(\lambda_{1},$ $\lambda_{2})$ ) $(*)$
. Theorem 3.1 1 , $c_{p}(M)=f1(X_{1})\cdots f_{n}(X_{n})$ .
$c^{\pm}(M)$ , $\delta(M)$ . $M$ $M_{1}.,$ $1\leqq i\leqq n$
. $M$ $f_{1}$. type .
Theorem 3.1 ( ) motive
apriori ( ) .
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4. Review of Shimura “Arithmeticity in the theory of automorphic forms”
[ShlO] [Sh9] , .
.
$F$ , $K$ $F$ 2 (CM ) . $\rho$ $\mathrm{G}\mathrm{a}1(K/F)$ .
$G=Sp(n, F)$ (Case Sp),
$G=$ {a $\in GL_{2n}(K)|\alpha\eta_{n}\alpha^{*}=\eta_{n}$ }, $\eta_{n}=\{\begin{array}{ll}0 -1_{n}1_{n} 0\end{array}\}$ (Case $\mathrm{U}\mathrm{T}=\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}$ tube),
$G=\{\alpha\in GL_{n}(K)|\alpha T\alpha^{*}=T\}$ , (Case $\mathrm{U}\mathrm{B}=\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}$ ball),
3 . $G$ $F$ . $\alpha^{*}={}^{t}\alpha^{\rho}$ ,
$T\in GL_{n}(K),$ $T^{*}=-T$ .
$F=\mathrm{Q}$ . $G$ real points G $H$ .
(4.1) $H=\{$
$\{z\in M(n, n, \mathrm{C})|{}^{t}z=z, \Im(z)>0\}$ (Case Sp),
$\{z\in M(n, n, \mathrm{C})|i(z^{*}-z)>0\}$ (Case $\mathrm{U}\mathrm{T}$),
$\{z\in M(p, q, \mathrm{C})|1_{q}-z^{*}z>0\}$ (Case $\mathrm{U}\mathrm{B}$).
$(p, q),$ $p+q=n$ iT . $z^{*}={}^{t}\overline{z}$ $>0$ hermite
.
Case UB . $GL_{p}(\mathrm{C})\cross GL_{q}(\mathrm{C})$ $M(g, z),$ $g\in G_{\infty}$ ,
$z\in H$ . $\omega$ $GL_{p}(\mathrm{C})\cross GL_{q}(\mathrm{C})$ $\mathrm{C}$ $X$ .
$\Gamma$ $G$ . $H$ $X$ $f$
$f(\gamma z)=\omega(M(\gamma, z))f(z)$ for a $\gamma\in\Gamma,$ $z\in H$
, $\Gamma$ weight $\omega$ . ($n=2$ cusp
) $C^{\infty}$ . $\mathrm{S}\mathrm{P},$ $\mathrm{U}\mathrm{T}$ .
$F$ $H$ (4.1) . adele
$G_{A}$ , $H$ ( )
.
Sp, $\mathrm{U}\mathrm{T}$ $H$ tube domain , Fourier .
$f(z)= \sum_{h}a_{h}\exp(2\pi i\mathrm{t}\mathrm{r}(hz))$
, $z\in H$ , $a_{h}\in X$ .
Case $\mathrm{U}\mathrm{T}$ Case $\mathrm{U}\mathrm{B}$ , .
arithmeticity . canonical model
. $\Gamma$ $G$ . $\Gamma\backslash H$ projective algebraic variety Zariski open
subset (Bailey-Borel-Satake). canonical model . $\Gamma\backslash H$
$k_{\Gamma}$ model . $k_{\Gamma}$ .
$H$ CM-point , explicit reciprocity law
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$X$ $\overline{\mathrm{Q}}$-structure , $\overline{\mathrm{Q}}$ $X_{0}$ $X=X_{0}\otimes_{\mathrm{Q}}\mathrm{C}$
. Case SP $\mathrm{U}\mathrm{T}$ . arithmetic ,
Fourier $X\mathit{0}$ .
$\langle$ . Fourier aritluneticity
.
1) weight 0(i.e., $\omega$ trivial) arithmeticity canonical model
$\overline{\mathrm{Q}}$ . $f$ $g$ weight scalar aritlunetic
$f/g$ arithmetic . CM-points ,
.
2) $f$ arithmetic $w$ $H$ CM-point $f(w)$
$\omega(\mathfrak{p}(w))^{-1}f(w)\in X_{0}$ . $\mathfrak{p}(w)$ CM-period explicit
.
3) arithmetic $G$ stable $\text{ }$ , ( $\mathrm{C}$ )
.
Eisenstein
$E_{k}(z)= \sum_{(\mathrm{c},d)}(cz+d)^{-k}’$ , $z\in fl$
. $4\leqq k\in \mathrm{Z}$ , $(0, 0)$ ( $c,$ ci) . \S 2
Eisenstein $N=1$ $E_{k}(z)=2\zeta(2k)E_{k}(z, 0)$ . $E_{k}(z)$
weight $k$ modular $\pi^{-k}E_{k}(z)$ Fourier . CM-point
$w=i$ $\mathfrak{p}(w)=\pi^{-1}\varpi$ . 2) $\varpi^{-k}E_{k}(i)\in\overline{\mathrm{Q}}$ , \S 1
Hurwitz consistent .
explicit reciprocity law arit etic $\mathcal{G}_{+}\cross \mathrm{G}\mathrm{a}1(\overline{\mathrm{Q}}/\mathrm{Q})$
. $G_{A}\subset \mathcal{G}_{+}$ simffitude $\tilde{G}_{A}$
. , .
Case UB , Fowier . 2)
arithmeticity . 1) 3) .
near holomorphy .
, .
$F=\mathrm{Q}$ . G $K^{c}$ . $T$ $H$
tangent space . K\dashv $T$ . $S_{p}(T)$ $T$ $p$
. $S_{p}(T)$ $Z$ $D_{‘ v}^{Z}$ . $D_{\omega}^{Z}$
weight $\omega$ $C^{\infty}$ weight $\omega\otimes Z$ $C^{\infty}$ .
$G=Sp(n, \mathrm{Q})$ .
$T=\{z\in M(n,n, \mathrm{C})|{}^{t}z=z\}$ , $K^{c}=GL(n, \mathrm{C})$
. $K^{\mathrm{c}}\ni a$ $T$ $zarrow az^{t}a$ . $xarrow\det(x)^{2}$ $S_{n}(T)$ 1
. $Z,$ $\omega(x)=(\det x)^{k}$ $D_{\omega}^{Z}$ weight 2 .
$n=1$ , $2\pi i\delta_{k}$ (\S 2 ). contragredient $zarrow {}^{t}a^{-1}za^{-1}$
weight 2 .
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Nearly holomorphic function K\"ahler manifold . $W$ $N$










$N^{e-1}(U)= \{f\in C^{\infty}(U)|(\frac{\partial}{\partial r_{1}})^{e_{1}}\cdots(\frac{\partial}{\partial r_{N}})^{e_{N}}f=0, e_{1}+\cdots+e_{N}=e\}$
. $U$ $N^{e}(U)$ $W$ $C^{\infty}$ $W$ $e$ nearly holomorphic
function . .
near holomorphy .
$W=H$ $H$ nearly holomorphic function $r_{1},$ $\ldots,$ $r_{N}$
. $r_{i}$ $(^{t}z-\overline{z})^{-1}$ .
Nearly holomorphic automorphic form arithmeticity 2), 3) .
$\pi^{-e}D_{\omega}^{Z},$ $0\leqq e\in \mathrm{Z}$ near holomophy arithmeticity .
critical value .
scalar . Case Sp Case $\mathrm{U}\mathrm{T}$ , $G$ maximal
parabolic subgroup Siegel Eisenstein $E(z, s)$ $s$
nearly holomorphic . .
$P=\{(\begin{array}{ll}a bc d\end{array})\in G|c=0\}$
Siegel parabolic . $F=\mathrm{Q}$ .
$\eta(z)=i(z^{*}-z)$ (Case $\mathrm{U}\mathrm{T}$ ), $\eta(z)=i(\overline{z}-z)$ (Case Sp),
$\delta(z)=\det(2^{-1}\eta(z))$ .
$E(z, s)=E(z, s;k)= \sum_{\gamma\in(\Gamma\cap P)\backslash \mathrm{r}}\delta(z)^{s-k/2}||_{k}\gamma$
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Eisenstein . $((f||_{k}\gamma)(z)\ovalbox{\tt\small REJECT}\det(M(\gamma, z)^{-1}f(\ovalbox{\tt\small REJECT}),$ $M(\gamma, z)$ )
$\mathrm{C}\ovalbox{\tt\small REJECT} \mathrm{e}$ Sp $\lambda\ovalbox{\tt\small REJECT}(n+\mathfrak{y}/2$
$\mu\geqq\lambda\Rightarrow E(z,\mu/2;\mu)\in M_{\mu}(\mathrm{Q}_{ab})$ .
$F=\mathrm{Q},$ $\lambda+1/2\leqq\mu\leqq\lambda+1$ .
$F=\mathrm{Q},$ $\mu=\lambda+1\Rightarrow E(z,\mu/2;\mu)\in N_{\mu}^{n}(\mathrm{Q}_{ab})$ .
(2.1) , [Sh5] tube domain
Fourier .
$\mathrm{f}$ $G_{A}$ Hecke eigenform . $\chi$ $K_{A}^{\mathrm{x}}$ mlgebraic Hecke character .
(Case Sp $K=F$ ). $\mathrm{f},$ $\chi$ $Z(s, \mathrm{f}, \chi)$ . $F$ ideal
Euler Euler ( ideal ) Case Sp
$2n+1$ , Case $\mathrm{U}\mathrm{T}$ $4n$ , Case $\mathrm{U}\mathrm{B}$ $2n$ . standard $L$
$\chi$ twist $\llcorner$ , unitary case .
Case $\mathrm{U}\mathrm{B}$ . $T$ size $n$ skew hermitian matrix .
$G=U(T)$ . $H^{T}$ . $q\geqq 0$ $T_{q}=T\oplus\eta_{q}$
. $T$ $\eta_{q}$ diagonml blodoe size $n+2q$ . $U(T_{q})$ Levi paxt
$U(T)\cross GL_{q}(K)$ parabolic subgroup . $U(T)_{A}$ cusp form
$\mathrm{f}$ Hecke character $\chi$ . $\mathrm{f}$ $H^{T}$ ( ). $(\mathrm{f}, \chi)$ associate
Eisenstein $E(z, s;\mathrm{f}, \chi)$ . $\mathcal{H}^{T_{q}}$ Langlands[L]
Klingen cusp form associate $\text{ }.\cdot$ Eisenstein . $\tilde{T}=T_{q}\oplus(-T)$ ,
$H_{n+q}=H^{\eta_{n+q}}$ . $U(T_{q})\cross U(T)\subset U(\tilde{T})\cong U(\eta_{n+q})$ ,
$H^{T_{q}}\cross\prime H^{T}arrow H_{n+q}$ . $H_{n+q}$ Siegel Eisenstein $E(\tilde{z}, s)$ pu
back(restriction) $H(z, w;s),$ $z\in\prime H^{T_{q}},$ $w\in H^{T}$ .
(4.2) $c(s)Z(s, \mathrm{f},\chi)E(z,.s;\mathrm{f}, \chi)=\Lambda(s)\int_{\Gamma\backslash H^{T}}H(z,w;s)\mathrm{f}(w)\delta(w)^{k}dw$
. $c(s)$ explicitly factor, $\Lambda(s)$ $F$ $L$
. $k$ $\mathrm{f}$ weight , $\delta(w)$ $w$ determinant . $q=0$ , (4.2)
(4.3) $c(s)Z(s, \mathrm{f}, \chi)\mathrm{f}(z)=\Lambda(s)\int_{\Gamma\backslash H^{T}}H(z,w;s)\mathrm{f}(w)\delta(w)^{k}dw$
. (4.2), (4.3) $L$ .
$\sigma\in 2^{-1}\mathrm{Z}$ , $E(\tilde{z}, \sigma)$ nearly holomorphic arithmetic
. $H(z, w;\sigma)$ explicit CM $?t^{T}$ arithmetic nearly
holomorphic functions 1 . . critical
value
(4.4) $Z(\sigma, \mathrm{f}, \chi)\in\pi^{A}P\langle \mathrm{f}, \mathrm{f}\rangle\overline{\mathrm{Q}}$, $A\in \mathrm{Z}$
. $P$ CM- , $\langle \mathrm{f}, \mathrm{f}\rangle$ $\mathrm{f}$ Petersson norm . ( $\sigma$
shift )
(4.2) $E(z, \sigma;\mathrm{f}, \chi)$ arit eticity near holomorphy .
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Case SP Case $\mathrm{U}\mathrm{T}$ $P=1$ . , Case
Sp half integral weight .
\S 5. Siegel modular forms
$\Gamma$ $Sp(m, \mathrm{Z})$ . $S_{k}^{(m)}(\Gamma)$ $\Gamma$ weight $k$ Siegel modular
cusp forms . Petersson norm
$\langle f, f\rangle=\mathrm{v}\mathrm{o}\mathrm{l}(\Gamma\backslash fl_{m})^{-1}\int_{\Gamma\backslash \mathrm{f}\mathrm{l}m}|f(z)|^{2}(\det y)^{k-m}$ dxdy
. $fl_{m}$ degree $m$ Siegel , $x,$ $y$
$z=x+iy$ . non-zero Hecke eigenform $f\in S_{k}^{(m)}(\Gamma)$ . $f$
standard $\mathrm{L}$ $L_{\mathrm{s}\mathrm{t}}(s, f)$ , spinor $L$ $L_{\mathrm{s}\mathrm{p}}(s, f)$ Euler
. $\Gamma=Sp(m, \mathrm{Z})$ . $w=mk-m(m+1)/2$ . $p$
, $\alpha_{0},$ $\alpha_{1},$ $\ldots,$ $\alpha_{m}$ eigenform $f$ attach Satake parameter .
$\alpha_{0}^{2}\alpha_{1}\cdots\alpha_{m}=p^{w}$ . $L_{\mathrm{s}\mathrm{t}}(s, f)$ $L_{\mathrm{s}\mathrm{p}}(s, f)$ Euler $p$
$[(1-p^{-s}) \prod_{i=1}^{m}(1-\alpha_{i}p^{-\epsilon})(1-\alpha_{i}^{-1}p^{-\epsilon})]^{-1}$ ,
$[[(1- \alpha_{0}p^{-s})\prod_{r=1}^{m}\prod_{1\leqq i_{1}<\ldots<i_{r}\leqq m}(1-\alpha_{0}\alpha_{i_{1}}\cdots\alpha_{i_{r}}p^{-s})]^{-1}$
. $f$ Fourier $E$ . $\mathrm{Q}$ $E$
motives $M_{\mathrm{s}\mathrm{t}}(f)$ $M_{\mathrm{s}\mathrm{p}}(f)$
$L(M_{\mathrm{s}\mathrm{t}}(f), s)=(L_{\mathrm{s}\mathrm{t}}(s, f^{\sigma}))_{\sigma\in J_{E}}$ ,
$L(M_{\mathrm{s}\mathrm{p}}(f), s)=(L_{\mathrm{s}\mathrm{p}}(s, f^{\sigma}))_{\sigma\in J_{E}}$
. Euler
rank $M_{\mathrm{s}\mathrm{t}}(f)=2m+1$ , rank $M_{\mathrm{s}\mathrm{t}}(f)=2^{m}$
.
Conjecture 5.1. motives $M_{\mathrm{s}\mathrm{t}}(f),$ $M_{\mathrm{s}\mathrm{p}}(f)$ pure weight , $f$
tempered . $f$ SJegel modulax forms
lifting .
$M_{\mathrm{s}\mathrm{t}}(f)$ and $M_{\mathrm{s}\mathrm{p}}(f)$ pure weight . $L$ $(([\mathrm{A}]$ ,











$p=(k-i_{1})+(k-i_{2})+\cdots+(k-i_{r})$ , $q=(k-j_{1})+(k-j_{2})+\cdots+(k-j_{\epsilon})$ ,
$r+s=m$, $1\leqq i_{1}<\ldots<i_{r}\leqq m$, $1\leqq j_{1}<\ldots<j_{s}\leqq m$,
$\{i_{1}, \ldots,i_{r}\}\cup\{j_{1}, \ldots , j_{\epsilon}\}=\{1,2, \ldots,m\}$,
($r=0$ $s=0$ ) pair . $w=mk-m(m+1)/2$
, $F_{\infty}$ $H^{pp}(M_{\mathrm{s}\mathrm{p}}(f))$ +1 -1 .
Proposition 5.2. Deligne . $k>2m$
$c^{\pm}(M_{\epsilon \mathrm{t}}(f)=\pi^{mk}((f^{\sigma}, f^{\sigma}\rangle)_{\sigma\in J_{E}}$ .
Deligne $L_{\mathrm{s}\mathrm{t}}(n, f)$ critical value B\"ocherer [Bocl],
Mizumoto [M], Shimura [ShlO] . $L_{\mathrm{s}\mathrm{t}}(s, f)$ $sarrow 1-s$
. critical valuae $1\leqq n\leqq k-m,$ $n\equiv m\mathrm{m}\mathrm{o}\mathrm{d} 2$ . B\"ocherer
$1\leqq n\leqq m$ $n$ cover $\llcorner$ . Mizumoto $m\equiv 3\mathrm{m}\mathrm{o}\mathrm{d} 4$
critical value cover . Shimura level Hilbert-Siegel
mo $\sim \mathrm{a}\mathrm{r}$ form , $\mathrm{m}\mathrm{o}\mathrm{d} \overline{\mathrm{Q}}^{\mathrm{x}}$ . case
$k>(3m/2)+1$ critical value cover , $n=1$ ,
$m\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} 2$ . , Eisenstein series nearly
holomorphic , .
$M_{\mathrm{s}\mathrm{t}}(f)$ $M_{\mathrm{s}\mathrm{p}}(f)$ .
$J_{E}=\{\sigma_{1}, \sigma_{2}, \ldots, \sigma_{l}\},$ $l=[E:\mathrm{Q}]$ $x\in R\cong \mathrm{C}^{J_{E}}$ $x=(x^{(1)}, x^{(2)}, \ldots, x^{(l)}),$ $x^{(:)}\in \mathrm{C}$
. $x\in E$ $x^{(i)}=x^{\sigma}$: .
Theorem 5.3. $\mathrm{Q}$ motives $L$-function (Tate
). $p_{1},$ $p_{2},$ $\ldots,$ $p_{r}\in \mathrm{C}^{\mathrm{x}},$ $1\leqq r\leqq m+1$ , $M_{\epsilon \mathrm{t}}(f)$ $M_{\mathrm{s}\mathrm{p}}(f)$
$c\in R^{\mathrm{x}}$ $c^{(1)}=\alpha\pi^{A}p_{1}^{a_{1}}p_{2}^{a_{2}}\cdots p_{r}^{a_{r}},$ $\alpha\in\overline{\mathrm{Q}}^{\mathrm{X}}A,$ $a:\in \mathrm{Z},$ $1\leqq i\leqq r$ .
[Y2] .
symplectic Shimura variety zeta
. $\Gamma\backslash \mathfrak{H}_{m}$ zeta spinor $L$ .
($m>2$ )zeta
$\zeta(s,\Gamma\backslash \mathfrak{H}_{m}).=$. $\prod_{-}L_{\mathrm{s}\mathrm{p}}(s, f)$ .
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. $M\ovalbox{\tt\small REJECT} M\ovalbox{\tt\small REJECT}_{\mathrm{P}}(f)$ . $M$ weight $w$ , $B_{\mathrm{D}\mathrm{R}}(M)$ ffltration
member $F^{1}$ . $F^{w}$ 1 (34)
$F^{w}(H_{\mathrm{D}\mathrm{R}}(M))\cong H^{0}(M, \Omega^{w})$ .
.
$\langle$ , $\rangle$ : $M\otimes Marrow U$
$M$ polarization . $U$ rank 1 motive . $0\neq\omega\in F^{w}(H_{\mathrm{D}\mathrm{R}}(M))$
.
$\langle\omega, F_{\infty}\omega\rangle=c_{1}(M)\delta(M)^{-1}$ .
. $\omega$ norm , consistent
.
Proposition 5.4. 53 , $k>2m$
$(c_{1}(M)\delta(M)^{-1})^{2}=(\pi^{mk}\langle f^{\sigma}, f^{\sigma}\rangle)_{\sigma\in J_{E}}^{2}$
.
. 53 $\mathrm{m}\mathrm{o}\mathrm{d} \overline{\mathrm{Q}}^{\mathrm{X}}$ $\mathrm{m}\mathrm{o}\mathrm{d} E^{\mathrm{X}}$ .
Proposition 5.4 , .
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